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Abstract

The effect of viscous dissipation and rarefaction on rectangular microchannel convective heat transfer rates, as given by the Nusselt number, is
numerically evaluated subject to constant wall heat flux (H2) and constant wall temperature (T ) thermal boundary conditions. Numerical results
are obtained using a continuum based, three-dimensional, compressible, unsteady computational fluid dynamics algorithm with slip velocity
and temperature jump boundary conditions applied to the momentum and energy equations, respectively. For the limiting case of parallel plate
channels, analytic solutions for the thermally and hydrodynamically fully developed momentum and energy equations are derived, subject to
both first- and second-order slip velocity and temperature jump boundary conditions, from which analytic Nusselt number solutions are then
obtained. Excellent agreement between the analytical and numerical results verifies the accuracy of the numerical algorithm, which is then
employed to obtain three-dimensional rectangular channel and thermally/hydrodynamically developing Nusselt numbers. Nusselt number data are
presented as functions of Knudsen number, Brinkman number, Peclet number, momentum and thermal accommodation coefficients, and aspect
ratio. Rarefaction and viscous dissipation effects are shown to significantly affect the convective heat transfer rate in the slip flow regime.
© 2008 Elsevier Masson SAS. All rights reserved.
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1. Introduction

Many technological advances in computation speed, power
supply requirements, diagnostics, and control issues are con-
tingent on the reduction of thermal fluid systems to the mi-
croscale. However, as thermal fluid system sizes are reduced to
the microscale, effects that are negligible at a macroscale may
become significant, and thus change the predicted behavior of
these systems. For gaseous flows, some of these effects include
rarefaction, viscous dissipation, compressibility, and axial con-
duction, which may be characterized by the Knudsen number,
Kn, Brinkman number, Br, Mach number, Ma, and Peclet num-
ber, Pe, respectively. Fundamental to the design of many ther-
mal fluid systems is the accurate evaluation of convective heat
transfer rates, typically presented in the form of the Nusselt
number, Nu. Although, the assessment of gaseous microchan-
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nel Nu, subject to effects of Kn, Br, Ma, and Pe, has been an
active area of research, there are currently no experimentally
determined values of local convective heat transfer rates, due
to measurement and accuracy limitations at the microscale, and
rarified microchannel Nu data must generally be acquired ana-
lytically or numerically.

The most common means of analytically or numerically
modeling a rarified flow within the slip regime, 0.01 � Kn �
0.1, is through the use of slip velocity and temperature jump
boundary conditions applied to the conventional continuum
momentum and energy equations. The original slip veloc-
ity boundary condition, given in Eq. (1), and temperature
jump boundary condition, given in Eq. (2), were derived by
Maxwell [1] and Smoluchowski [2], respectively.
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Nomenclature

AR aspect ratio, b/h

b channel width. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m
Br Brinkman number,

BrH2 = μu2
m/(qwDh),

BrT = μu2
m/(k(Ti − Tw))

cp specific heat at constant pressure . . . . . J kg−1 K−1

cv specific heat at constant volume . . . . . . J kg−1 K−1

Dh hydraulic diameter, 2bh/(b + h) . . . . . . . . . . . . . . m
e internal energy per unit mass . . . . . . . . . . . . . J kg−1

h channel height . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m
k thermal conductivity . . . . . . . . . . . . . . . W m−1 K−1

Kn Knudsen number, λ/Dh

L channel length . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m
Ma Mach number,

(Kn Pe/Pr)
√

2/(πγ )

Nu Nusselt number,
qw,mDh/(k(Tw − Tm))

P pressure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Pa
Pe Peclet number, Pr Re
Pr Prandtl number, cpμ/k

q heat flux . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . W m−2

R gas constant . . . . . . . . . . . . . . . . . . . . . . . . J kg−1 K−1

Re Reynolds number, ρumDh/μ

T temperature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . K
t time . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . s
u velocity in x-direction . . . . . . . . . . . . . . . . . . . m s−1

v velocity in y-direction . . . . . . . . . . . . . . . . . . . m s−1

v velocity vector . . . . . . . . . . . . . . . . . . . . . . . . . . m s−1

x, y, z Cartesian coordinates . . . . . . . . . . . . . . . . . . . . . . . . m

Greek symbols

β gas–wall interaction parameter, βt1/βν1

βt1 first-order temperature jump coefficient,
((2 − σt )/σt )(2γ /(1 + γ ))(1/Pr)

βt2 second-order temperature jump coefficient
βν1 first-order velocity slip coefficient, (2 − σν)/σν

βν1Kn rarefaction parameter
βν2 second-order velocity slip coefficient
γ ratio of specific heats, cp/cv

λ molecular mean free path, μ/(ρ
√

2RT/π) . . . . m
μ dynamic viscosity . . . . . . . . . . . . . . . . . . kg m−1 s−1

ρ density . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . kg m−3

σt thermal accommodation coefficient
σν momentum accommodation coefficient
τ shear stress . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Pa
Φ viscous dissipation term,

∇ · (v · τ) − v · (∇ · τ) . . . . . . . . . . . . . . . . J m−3 s−1

Subscripts

H2 constant wall heat flux condition
i inlet value
m mean value
o outlet value
T constant wall temperature condition
w wall value
∞ fully developed value

Superscripts

0 initial value
The first term in Eq. (1) is the velocity slip due to the shear
stress at the wall, and the second term is the thermal creep
velocity due to a temperature gradient tangential to the wall.
Eqs. (1) and (2), as well as subsequent equations, are pre-
sented in a format assuming a Cartesian coordinate system, a
wall normal direction (y), and a streamwise direction (x) (see
Fig. 1). To reduce the number of variables involved, the nondi-
mensional parameters βν1, βt1, βν1Kn, and β , as defined in the
nomenclature, are used hereafter, rather than the coefficients of
Eqs. (1) and (2). βν1Kn is representative of the level of rarefac-
tion, where βν1Kn = 0, corresponds to continuum conditions,
and βν1Kn ≈ 0.10, corresponds to the approximate upper limit
of the slip regime. β is representative of the gas–wall interac-
tions, where β = 0 corresponds to the artificial condition of
zero temperature jump with nonzero slip velocity, β ≈ 1.667
corresponds to typical values for air (γ = 1.4, Pr = 0.7) when
σν = σt = 1, and β values as high as 100 are possible (depend-
ing on the relative magnitudes of γ,Pr, σν and σt , where values
of σν and σt must be measured experimentally, and are pre-
sented for several common fluid-surface interactions in [3]).

In addition to the first-order slip model given by Eqs. (1)
and (2), numerous second-order models and modifications have
been proposed to improve the accuracy and range of applicabil-
Fig. 1. Two-dimensional channel configuration.

ity of the slip flow representation of rarefaction into the lower
transition regime [3]. These second-order boundary condition
models are often compared for two-dimensional, planar, con-
stant property flow, without creep flow. For this configuration,
many second-order models may be written in the format of
Eqs. (3) and (4), where values of βν2 and βt2 depend on the
second-order model.
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Currently, there is insufficient experimental data to establish
the use of any particular second-order model over another.
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Nonetheless, several evaluations have shown second-order
boundary conditions to be useful with respect to evaluating
microchannel mass flow rates [4,5], and as such, theoretical
convective heat transfer solutions with second-order terms may
prove valuable as additional experimental and theoretical re-
sults become available.

Viscous dissipation effects in macroscale systems are typi-
cally only significant for high velocity or highly viscous flows.
In microscale systems, however, large channel length to hy-
draulic diameter ratios result in large velocity and pressure gra-
dients, and consequently thermal energy generation due to vis-
cous dissipation. A slight increase in fluid temperature may be
significant relative to the small temperature gradients typically
present in microchannels, and as a result alter the convective
heat transfer rate and any temperature dependent fluid prop-
erties. Because the function of many microfluidic systems is
cooling, viscous dissipation becomes a limiting factor that must
be accurately represented. Recently, several theoretical studies
have focused specifically on the effects of viscous dissipation in
the slip flow regime [6–11]. All of these studies are for parallel
plate flow, except for [7], which examines the effect of viscous
dissipation for rectangular microchannels and the H1 thermal
boundary condition. Also, nearly all of these previous studies
evaluated the effect of viscous dissipation without also consid-
ering the related flow work and shear work effects, which for a
rarified gas flow are of the same order of magnitude as viscous
dissipation [6,12,13].

The significance of both compressibility and streamwise
conduction effects may be established by the magnitude of
Pe, which is directly related to Ma for a given Kn,Ma =
(Kn Pe/Pr)

√
2/(πγ ). Pe represents the ratio of thermal en-

ergy convected to the fluid to thermal energy axially conducted
within the fluid. A low Pe, corresponding to a low Ma, which is
common in micro flows, and generally indicates that compress-
ibility effects are less significant while streamwise conduction
effects are nonnegligible. Prior studies indicate that axial con-
duction effects at low Pe result in an increase in Nu for constant
wall temperature thermal boundary conditions [13,14]. Numer-
ical studies which have examined the effects of compressibility
in microchannels found that, although compressible flow never
reaches a fully developed state, compressible flow at low Mach
numbers, ‘nearly incompressible flow,’ may reach a ‘locally
fully developed’ state, for which the local values of wall friction
and heat transfer are approximately equivalent to incompress-
ible values [15,16].

The objective of this study is to numerically evaluate the
effects of rarefaction and viscous dissipation for nearly in-
compressible, rectangular microchannel convective heat trans-
fer rates in the slip flow regime, subject to constant wall
heat flux (H2) and constant wall temperature (T ) thermal
boundary conditions [13]. Numerical results are obtained us-
ing a three-dimensional, compressible, unsteady computational
fluid dynamics algorithm. Continuum based conservation equa-
tions, constitutive models (Newtonian–Fourier), and equation-
of-state model (ideal gas), with slip velocity and temperature
jump boundary conditions are utilized, based on the assump-
tion that these approximations are reasonably accurate within
the slip flow regime. To verify the numerical results, analytic
solutions for thermally and hydrodynamically fully developed
parallel plate constant wall heat flux and constant wall tem-
perature Nusselt numbers are derived as a function of rarefac-
tion (βν1Kn), viscous dissipation (Br), gas–wall interactions
(β), and second-order velocity slip and temperature jump terms
(βν1, βt2). Second-order terms are retained in this analytic anal-
ysis to provide a possible basis of comparison for future exper-
imental results, beyond this however, the effect of second-order
terms is not investigated in this study. Following the algo-
rithm verification, three-dimensional rectangular microchannel
and thermally/hydrodynamically developing Nusselt number
data are numerically evaluated and presented as functions of
βν1Kn, β,Br,Pe, and aspect ratio, AR. Viscous dissipation ef-
fects are examined in conjunction with flow work effects, which
previous studies have neglected. Compressibility, axial conduc-
tion, and creep flow effects are not directly considered in this
study, however, due to the low Ma (low Pe) utilized to achieve
nearly incompressible flow, axial conduction effects will be ev-
ident in the constant wall temperature Nu results.

2. Analytic solutions

The flow configuration that is analytically evaluated is
a two-dimensional parallel-plate microchannel of separation
distance h, as illustrated in Fig. 1. To obtain analytic solu-
tions, the following simplifying assumptions are applied: two-
dimensional, steady state, incompressible, thermally and hy-
drodynamically fully developed, Newtonian, ideal gas, constant
properties, laminar flow, and either symmetrically constant wall
heat flux or constant wall temperature. With these simplifi-
cations the momentum equation is given in Eq. (5) and the
energy equation, in terms of temperature, with viscous dissi-
pation, μ(∂u/∂y)2, and flow work, u∂P/∂x, terms is given in
Eq. (6).
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With symmetry applied at the microchannel midplane, and
the general second-order slip velocity boundary condition,
Eq. (3), applied at the wall, the momentum equation, Eq. (5),
may be integrated twice to obtain the nondimensional velocity
profile given in Eq. (7), in terms of the slip velocity to mean
velocity ratio, us/um, Eq. (8).
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The velocity profile, Eq. (7), is then substituted into the en-
ergy equation, Eq. (6). For the fully developed constant wall
heat flux case both the pressure and temperature gradients in the
x-direction are constants, and for the fully developed constant
wall temperature case the pressure gradient in the x-direction
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is constant, and the temperature gradient in the x-direction
approaches zero. In either case, the energy equation, Eq. (6),
may be integrated twice by applying the general second-order
temperature jump boundary condition, Eq. (4), at the wall and
symmetry at the midplane. The resulting nondimensional tem-
perature profile for constant wall heat flux is given in Eq. (9),
with the ensuing NuH2 given in Eq. (10), and the constant
wall temperature nondimensional temperature profile is given
in Eq. (11), with the subsequent NuT given in Eq. (12).
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NuH2, Eq. (10) and NuT , Eq. (12), with us/um defined in
Eq. (8), represent the energy exchange of constant wall heat
flux and constant wall temperature, thermally and hydrodynam-
ically fully developed parallel plate microchannel flows. These
interactions are a result of the combined effects of rarefaction
(Kn), the slip flow model parameters (βν1, βν2, βt1, and βt2),
and viscous dissipation, flow work, and shear work (Br). Vis-
cous dissipation acts as a distributed heat source, with the ma-
jority of the thermal energy generated near the wall, due to the
larger velocity gradients. Flow work acts as a distributed heat
sink, with the majority of the thermal energy absorbed near the
center of the flow, due to the larger velocity magnitudes. And,
shear work, u∂τ/∂y|y=0, acts as a heat source at the wall, due to
the thermal energy generated by the slipping flow. For fully de-
veloped, continuum flow there is no shear work at the wall, and
the thermal energy generated by viscous dissipation is exactly
equal to the thermal energy absorbed by flow work, regardless
of the magnitude of Br, as discussed in [12] and [13]. Within
the slip flow regime, the thermal energy generated by viscous
dissipation and shear work is exactly equal to the thermal en-
ergy absorbed by flow work, again regardless of the magnitude
of Br, as discussed in [6].

For continuum flow (Kn = 0), with negligible viscous dis-
sipation (BrH2 = 0), NuH2, Eq. (10), reduces to the conven-
tional value of 8.235. For continuum flow with viscous dissi-
pation, NuH2 reduces to the equation given by [13] for two-
dimensional flow with viscous dissipation. For slip flow with
first-order terms only (βν2 = βt2 = 0) and no viscous dissipa-
tion, NuH2 reduces to the equation originally derived by In-
man [17] (with Kn = λ/h, rather than Kn = λ/Dh used here).
When both viscous dissipation and flow work are considered in
the continuum flow regime, the energy added by viscous dissi-
pation is equal to the energy absorbed by flow work and, as a
result, the fully developed mean temperature is not a function
of BrH2. The temperature distribution and wall temperature,
however, do vary with BrH2, and as such, NuH2 is a function
of BrH2. If the flow work contribution to the energy exchange,
u∂P/∂x, is neglected in the previous analysis, both the wall
temperature and the mean temperature are shifted by equal
amounts [12] (from their values when both viscous dissipation
and flow work are considered), and as a result the nondimen-
sional temperature distribution and NuH2 remain the same as
given in Eqs. (9) and (10).

For continuum flow, NuT , Eq. (12), reduces to zero, which
is consistent with results presented in [12] and [13]. NuT = 0
is notably different from 7.54, the typical NuT value reported
for constant wall temperature parallel plate flow without ax-
ial conduction effects. This is, again, a result of the competing
effects of viscous dissipation and flow work, which result in
∂Tm/∂x = 0, ∂T /∂y|y=0 = 0, and consequently NuT = 0, re-
gardless of the magnitude of BrT or Pe. The temperature profile,
however, is not uniform, and for BrT �= 0 the fully developed
mean temperature, Tm, is always less than the wall tempera-
ture, Tw , by an amount dependent on the magnitude of BrT .
If the flow work term, u∂P/∂x, is neglected in the preceding
derivation, Tm is always greater than Tw by an amount depen-
dent on the magnitude of BrT , and the resulting NuT is given
by Eq. (13).

NuT = 140

(
8 + 140βt1Kn + 1680βt2Kn2 − us

um

)−1

(13)

For continuum flow, Eq. (13) reduces to 17.5, which is consis-
tent with results presented in [8,9,11]. However, rarified flows
are generally gaseous, and flow work in gaseous flows is of the
same order of magnitude as viscous dissipation. For this reason,
it is expected that Eq. (12) is a more accurate representation of
the energy exchange in the slip flow regime than Eq. (13).



J. van Rij et al. / International Journal of Thermal Sciences 48 (2009) 271–281 275
Fig. 2. Rectangular channel configuration.

3. Numerical model

The computational fluid dynamics (CFD) algorithm used
for this study has been described and verified for previous
microchannel investigations [18–21]. The algorithm is a fi-
nite volume, multi-material CFD code based on the ICE (Im-
plicit, Continuous-fluid, Eulerian) method. The ICE implemen-
tation used in this study is well developed and documented
[22–24]. The code is three-dimensional, fully compressible,
unsteady, and capable of modeling variable fluid properties,
fluid-structure interactions, and chemical reactions. To accu-
rately model microchannel flows, the algorithm has been mod-
ified to selectively model first- or second-order slip boundary
conditions, creep flow, and viscous dissipation. The implemen-
tation of these modifications is consistent with the original code
in being numerically second-order accurate both spatially and
temporally.

3.1. Model parameters and criteria

The flow configuration that is numerically analyzed is illus-
trated in Fig. 2, and is modeled assuming laminar flow of a
Newtonian, ideal gas, with constant properties of air (γ = 1.4,
Pr = 0.7), and a uniformly spaced computational grid. For this
flow, the governing mass, momentum, and energy equations
that are numerically solved are given in Eqs. (14), (15), and (16)
respectively.

∂ρ + ∇ · (ρv) = 0 (14)

∂t
∂(ρv)

∂t
+ ∇ · (ρ v v) = −∇P + ∇ · τ (15)

∂(ρe)

∂t
+ ∇ · (ρve) = −P(∇ · v) + ∇ · (k∇T ) + Φ (16)

To decrease the computational time required to reach a solution,
only one quarter of the symmetric microchannel is modeled.
(For parallel plate flows, the model is two-dimensional, and one
half of the microchannel is modeled.) Two types of problems
are numerically evaluated, thermally developing flows and ther-
mally/hydrodynamically developing flows. For both cases the
outlet pressure, along with either the inlet pressure or the in-
let velocity, are specified to obtain a given flow Pe, Br and Kn.
At the channel wall, either a uniform heat flux or a constant
wall temperature is specified. For thermally developing flows
a inlet pressure and a uniform inlet temperature are specified
while the outlet temperature and the inlet and outlet veloci-
ties are allowed to evolve to their fully developed profiles. For
combined thermally/hydrodynamically developing flows both a
uniform inlet temperature and a uniform inlet velocity are spec-
ified while the outlet temperature and velocity are allowed to
evolve to their fully developed profiles. An example of the re-
quired numerical parameters, and the resulting nondimensional
parameters, is given in Table 1 for one set of conditions – a ther-
mally/hydrodynamically developing, constant wall temperature
flow.

For the numerical results to be comparable to the analytic so-
lutions, the flow must be locally fully developed, steady state,
nearly incompressible, and have constant properties. Given
these stipulations, the flow Pe and wall heat flux, or wall tem-
perature, are specified such that the total density change within
the flow is less than a few percent, and the Ma is generally
less than approximately 0.05. For the low Pe values used in this
study, channel lengths of 4h for parallel plate channels, and 6h

for rectangular channels, were found to be sufficient for the flow
to develop while avoiding significant compressibility effects
due to a longer channel. Because the algorithm is unsteady,
flow properties must evolve from a set of initial conditions to
steady state conditions subject to the boundary conditions. For
all of the data presented, the initial velocity field is zero and the
Table 1
Example computational and nondimensional problem specification for a thermally/hydrodynamically developing, constant wall temperature flow

Computational problem specification

Inlet boundary Outlet boundary Wall boundary

∂P/∂x|x=0 = 0.0 (Pa m−1) Po = 82745.4329 (Pa) ∂P/∂y|y=0 = 0.0 (Pa m−1)

∂ρ/∂x|x=0 = 0.0 (kg m−4) ∂ρ/∂x|x=L = 0.0 (kg m−4) ∂ρ/∂y|y=0 = 0.0 (kg m−4)

Ti = 300.155907 (K) ∂T /∂x|x=L = 0.0 (K m−1) T |y=0 = Tw + βt1λ∂T /∂y|y=0 (K)

Tw = 300 (K), σt = 1.0
ui = 6.68919094 (m s−1) ∂u/∂x|x=L = 0.0 (m s−1) u|y=0 = uw + βν1(λ/μ)τ |y=0 (m s−1)

uw = 0.0 (m s−1), σν = 1.0

Initial conditions Grid parameters Fluid properties

ρ0 = 0.96103871 (kg m−3) b = ∞ (m) (symmetry) cν = 717.5 (J kg−1 K−1)

T 0 = 300.155907 (K) h/2 = 0.5 · 10−6 (m) k = 0.02583 (W m−1 K−1)

u0 = 0.0 (m s−1) L = 4.0 · 10−6 (m) γ = 1.4
�x = �y = (h/2)/40 (m) μ = 1.8 · 10−5 (kg m−1 s−1)

Nondimensional problem specification

AR = ∞, βν1Kn = 0.04, β = 1.667, Pe = 0.5, BrT = 0.2
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initial temperature field is equal to the inlet temperature. The
magnitude and number of time steps required to reach steady
state are dependent on the grid resolution, Kn, and Pe. The con-
vergence criteria for each time step is a mass flux residual less
than 10−9 for each control volume. The criterion used to estab-
lish that the flow is steady state is |(un+1 − un)/un+1| � 10−10

and |(T n+1 − T n)/T n+1| � 10−10, for each control volume,
where n is the number of the time step.

3.2. Model verification and grid resolution

The algorithm’s ability to model the effects of the first- and
second-order slip boundary conditions and creep flow, for two-
dimensional constant wall heat flux flows was demonstrated
in [18]. To establish that the algorithm also accurately models
the effects of viscous dissipation, numerically and analytically
computed nondimensional temperature profiles are compared in
Fig. 3, for several representative cases. The numerically com-
puted values, presented as symbols, are the result of thermally
developing parallel plate flow at x = 3.75h and Pe = 0.5. The
analytically computed values, Eq. (9) in Fig. 3(a), and Eq. (11)
in Fig. 3(b), are presented as lines. Based on this comparison,
the differences between the analytically and numerically com-
puted temperature profiles are negligible, thereby verifying the
ability of the algorithm to model viscous dissipation effects.

To verify that the algorithm is capable of modeling con-
vective heat transfer in rectangular microchannels, and to de-
termine the grid resolution required to do so, grid resolution
studies for fully developed, continuum flow NuH2 and NuT are
presented in Table 2. These data are obtained for Pe = 0.5,
without viscous dissipation effects. The numerical NuH2 are
compared to the analytically determined values given by [13].
At Pe = 0.5 axial conduction effects in NuT are nonnegligi-
ble and analytic solutions are unavailable; NuT data are instead
compared to the correlation values given by [14], which are
reported to include axial conduction effects and to be within
8% of accurate. The data in Table 2 indicate that the numerical
algorithm converges with approximately second-order numeri-
cal accuracy, and that at the highest grid resolution NuH2 are
within 0.1% of analytic solutions, and NuT are within 2.2% of
correlation values. This indicates that the finest grid resolution
for each AR is sufficiently accurate and, consequently, all of the
following numerical results are obtain at this resolution (equiv-
alently, for AR = ∞ the grid is 320 × 40 × 1).

4. Results and discussion

4.1. Locally fully developed Nu

Locally fully developed values of NuH2 and NuT are pre-
sented in Fig. 4 for the specified AR, βν1Kn, β,Br, and Pe
values. NuH2 and NuT for AR = ∞, 5, 2, and 1 are given in
Figs. 4(a), 4(b), 4(c), and 4(d), respectively, and although each
data set exhibits similar trends in βν1Kn, β , and Br, the effect of
AR is significant, and the scaling of each plot should be noted.
For these data, first-order slip boundary conditions, without
creep flow, are used. Numerically computed values are given by
Fig. 3. Comparison of analytical and numerical temperature profiles: (a) con-
stant wall heat flux, Eq. (9), (b) constant wall temperature, Eq. (11).

Table 2
Grid resolution and numerical accuracy study, Kn = 0, Pe = 0.5, Br = 0

Grid NuH2,
present

NuH2,
[13]

NuT ,
present

NuT ,
[14]

AR = 1 120 × 10 × 10 3.175 3.09 3.404 3.293
240 × 20 × 20 3.108 3.372
480 × 40 × 40 3.092 3.364

AR = 2 120 × 10 × 20 3.070 3.02 3.853 3.849
240 × 20 × 40 3.031 3.835
480 × 40 × 80 3.022 3.831

AR = 5 120 × 10 × 50 2.964 2.93 5.455 5.405
240 × 20 × 100 2.936 5.447
480 × 40 × 200 2.929 5.445

symbols, with the connecting lines representing the data trend;
except in the case of parallel plate flow, AR = ∞, for which the
lines are the previous derived analytic Nu solutions, Eqs. (10),
(12), and (13). For AR = ∞, Fig. 4(a), the average difference
between the analytic and numeric NuH2 is 0.35%, and the max-
imum is 1.43%. The average difference between the analytic
and numeric NuT is 0.28%, and the maximum in 1.03%. Also,
in Fig. 4(a), NuT derived with viscous dissipation effects, but



J. van Rij et al. / International Journal of Thermal Sciences 48 (2009) 271–281 277
Fig. 4. Effect of viscous dissipation and rarefaction on fully developed NuH2 and NuT : (a) AR = ∞, (b) AR = 5, (c) AR = 2, (d) AR = 1.
without flow work effects, Eq. (13), serves as a comparison
to NuT given by Eq. (12), which includes both viscous dissi-
pation and flow work effects and is assumed to be the more
accurate representation of the thermal energy exchange in con-
stant wall temperature rarified flows.

The NuH2 and NuT data in Fig. 4 without viscous dissipa-
tion effects, Br = 0, demonstrate that as rarefaction, βν1Kn,
increases, Nu may increase or decrease, depending on β . In-
creasing rarefaction increases the slip velocity, which increases
the energy exchange near the wall and tends to increase Nu, as
displayed when β = 0, for all AR. However, for β �= 0, an in-
crease in rarefaction also increases the temperature jump at the
wall. An increase in the temperature jump reduces the energy
exchange, increases the mean temperature difference |Tw −Tm|,
and tends to decrease Nu, particularly for large β . These trends
are consistent with previously reported slip flow Nu data, with-
out viscous dissipation effects [25].

The NuH2 data in Fig. 4 with viscous dissipation effects,
Br �= 0, indicate that for all AR and βν1Kn values investigated,
positive BrH2, heating, decreases NuH2, and negative BrH2,
cooling, increases NuH2. As discussed previously, viscous dis-
sipation generates thermal energy predominantly near the wall.
This results in an increase in the fluid temperature at the
wall, which for heating, increases the difference between the
mixed mean fluid temperature and the average wall tempera-
ture, thereby reducing NuH2; while for cooling, this decreases
the difference between the mixed mean fluid temperature and
the average wall temperature, thereby increasing NuH2 (see
Fig. 3(a)). The data in Fig. 4 also indicate that viscous dissipa-
tion effects are reduced for increasing βν1Kn. For AR = ∞ and
βν1Kn = 0.00, a BrH2 of ±0.05 will produce a 24.1% decrease
in NuH2 for heating, and a 46.6% increase in NuH2 for cool-
ing, while at βν1Kn = 0.12 (β = 1.667) the same BrH2 results
in a 1.5% decrease in NuH2 for heating, and a 1.5% increase
in NuH2 for cooling. This reduced effect of BrH2 on NuH2
with increasing βν1Kn is due to the reduced velocity gradients
caused by increasing slip at the wall. Although trends in NuH2
due to viscous dissipation and rarefaction are the same for all
AR investigated, these effects are more significant for AR = ∞
than for AR = 1, 2, and 5. This is because the parallel plate
channel has larger velocity gradients, resulting in increased vis-
cous dissipation, and with no side wall heat flux contribution,
the thermal energy generated by viscous dissipation is relatively
more significant.

The NuT data presented in Fig. 4 with viscous dissipation
effects, BrT �= 0 were obtained for Pe = 0.5 and BrT = −0.2;
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Fig. 5. Thermally and hydrodynamically developing NuH2: (a) effect of βν1Kn and BrH2, (b) effect of β and BrH2.
however, for a given βν1Kn, β,AR, and slip boundary condition
model, all flows with viscous dissipation and flow work result
in the same fully developed value of NuT , regardless of the
magnitude of Pe or BrT . As discussed previously, for contin-
uum flow, the thermal energy generated by viscous dissipation,
predominantly near the walls due to the larger velocity gradi-
ents, is equal to the thermal energy absorbed by flow work,
predominantly near the center of the flow due to the larger ve-
locity magnitudes. This energy balance results in ∂Tm/∂x = 0,
a net wall heat flux of zero, and therefore NuT = 0 for the
constant wall temperature boundary condition. Within the slip
flow regime, the slip flow at the wall reduces both the aver-
age cross sectional velocity gradients and the maximum core
velocity. Although this results in a decrease in both the ther-
mal energy generated by viscous dissipation, and the thermal
energy absorbed by flow work, the decrease in viscous dissi-
pation is more significant. The difference, however, is exactly
equal to the thermal energy generated by shear work at the wall
due to the slipping flow – meaning that, viscous dissipation,
flow work, and shear work are still balanced energy sources
and sinks, i.e. ∂Tm/∂x = 0, regardless of the magnitude of BrT

or Pe [6]. However, the shear work at the wall creates a nonzero
wall heat flux and therefore a nonzero NuT . The shear work,
u∂τ/∂y|y=0, is a function of both the slip velocity and the wall
normal velocity gradients. As βν1Kn increases, the slip velocity
increases, and for the lower slip flow regime this increases the
shear work and therefore increases NuT . However, as the slip
velocity increases the velocity gradients throughout the flow de-
crease, and for the upper end of the slip regime this leads to a
decrease in the shear work (for AR = ∞, the point of maxi-
mum shear work is βν1Kn = 0.083). These effects, combined
with the effect of AR and temperature jump (β �= 0), which, de-
creases the energy exchange with increasing βν1Kn, result in
the NuT trends displayed in Fig. 4.

4.2. Thermally and hydrodynamically developing Nu

Numerical results for thermally and hydrodynamically de-
veloping parallel plate NuH2 and NuT are presented in Figs. 5
and 6 as functions of x/PeDh (the nondimensional axial dis-
tance), βν1Kn, β,Br, and Pe. For these data, first-order slip
boundary conditions, without creep flow, are used. Thermally
developing flow is represented by the solid lines, and ther-
mally/hydrodynamically developing flow, ‘combined’ flow, is
represented by the dotted lines. To verify the accuracy of the
numerical data, and that the flow has reached a locally fully
developed state, analytic solutions for fully developed Nu,
Eq. (10) for NuH2, and Eq. (12) for NuT , are displayed as
solid symbols at x/PeDh = 4, the channel outlet. Also, con-
ventional fully developed parallel plate Nu, without rarefaction
or viscous dissipation effects, NuH2 = 8.2353 in Fig. 5 and
NuT = 8.0582 (Pe = 0.5) in Fig. 6, are displayed as circles
at x/PeDh = 4 to serve as a point of reference for changes
in Nu due to rarefaction, viscous dissipation, and developing
flow effects. Additionally, to demonstrate the basis of the ther-
mally/hydrodynamically developing NuH2 and NuT results pre-
sented in Figs. 5 and 6, velocity profiles and temperature pro-
files (relative to Tw) for several cases are illustrated in Fig. 7.

Thermally and hydrodynamically developing NuH2, with
viscous dissipation effects, are given in Fig. 5 for various lev-
els of βν1Kn, Fig. 5(a), and β , Fig. 5(b). Temperature profiles
for thermally/hydrodynamically developing flow, with constant
wall heat flux thermal boundary conditions, β = 1.667, Pe =
0.5, βν1Kn = 0.00 and 0.04, and BrH2 = ±0.05 are illustrated
in Fig. 7(b). Again, negative BrH2 indicates cooling, positive
BrH2 denotes heating and BrH2 = 0 signifies no viscous dis-
sipation effect. For the flows examined in Fig. 5, the average
NuH2 entrance length (i.e., distance from the channel entrance
where Nu(x) = 0.99Nu∞) is roughly 1.0PeDh, and varies lit-
tle for each of the parameters varied – entrance length increases
slightly for combined developing flow, lower values of βν1Kn,
lower values of β , and negative BrH2. As may be expected
based on the fully developed NuH2 results presented previously,
these results indicate that increasing βν1Kn, Fig. 5(a), or in-
creasing β , Fig. 5(b), result in a decrease in NuH2 for both
developing and fully developed flow. The effect of BrH2 on
hydrodynamically fully developed flow, shown previously in
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Fig. 6. Thermally and hydrodynamically developing NuT : (a) effect of Pe and
BrT , (b) effect of βν1Kn and BrT , (c) effect of β and BrT .

Figs. 3(a) and 4, is to increase the wall temperature, which,
for heating, increases the wall-mean temperature difference and
decreases NuH2, and for cooling, decreases the wall-mean tem-
perature difference and increases NuH2. This BrH2 effect is also
evident in the developing NuH2 presented in Figs. 5 and 7(b).
Developing NuH2 are larger at the channel inlet, compared to
fully developed values, due to the initially small wall-mean
temperature difference |Tw − Tm|, as illustrated in Fig. 7(b).

Thermally/hydrodynamically developing flows also have
large velocities near the wall at the channel inlet, which tends to
increase NuH2 beyond that of thermally developing flow alone,
as evident in Fig. 5 for BrH2 = 0. Thermally/hydrodynamically
developing flows with BrT �= 0, additionally, have viscous dis-
sipation and flow work effects that are a function of the hydro-
dynamic flow development, which, as may be surmised from
the velocity profiles in Fig. 7(a), are initially concentrated im-
mediately next to the channel wall at the inlet. For continuum
flow, βν1Kn = 0, at 0.01 PeDh, the dominant effect, moving
from the wall to the center of the flow, is first viscous dissi-
pation, then flow work, followed by viscous dissipation again.
At 0.01 PeDh heat conducted at the wall does not yet have a
significant effect through the center of the flow, and changes
in the temperature profile are primarily due to viscous dissipa-
tion and pressure flow effects. As a result of the counteracting
viscous dissipation and flow work effects closest to the wall,
Tw is slightly decreased, compared to thermally developing
flow, and due to the viscous dissipation effect nearest to the
center of the flow, the temperature at the center of the flow
is slightly increased, compared to thermally developing flow.
Because |Tw − Tm| is initially very small, this results in an
increase in NuH2 for heating, and decrease in NuH2 for cool-
ing, compared to thermally developing flow, as displayed in
Fig. 5(a), for βν1Kn = 0 and 0.01 PeDh. As the velocity profile
develops, the large viscous dissipation and flow work effects
near the wall are distributed through the channel and the sec-
ond region of viscous dissipation is eliminated. As this occurs,
viscous dissipation and flow work create a temperature gradi-
ent that is conducive to heating, but has an insulating effect
for cooling. This results in an accelerated temperature pro-
file development for heating, and a slowed temperature profile
development for cooling, as displayed in Figs. 5(a) and 7(b)
for βν1Kn = 0, BrH2 = ±0.05, and ∼0.032–0.32 PeDh. In a
rarified flow, βν1Kn �= 0, slip flow significantly reduces the ve-
locity and pressure gradients at the channel inlet. Compared
to continuum flow, this both reduces the magnitude, and alters
the distribution of the viscous dissipation and flow work ef-
fects. With increased slip near the inlet, flow work is the most
significant effect immediately next to the wall (for the βν1Kn
values examined here). This results in a decrease in |Tw − Tm|
for heating, an increase in |Tw − Tm| for cooling, and conse-
quently an increase in NuH2 for +BrH2, and a decrease in NuH2
for −BrH2, compared to flows that are only developing ther-
mally, as displayed in Fig. 5, for βν1Kn �= 0 and ±BrH2. As the
flow develops hydrodynamically, viscous dissipation and flow
work effects are distributed throughout the cross section of the
flow, with viscous dissipation acting predominantly at the walls
and flow work acting predominantly at the center of the flow,
and the fully developing NuH2 values discussed previously are
achieved.

Thermally and hydrodynamically developing NuT , with vis-
cous dissipation effects, are given in Fig. 6 for various levels of
Pe, Fig. 6(a), βν1Kn, Fig. 6(b), and β , Fig. 6(c). Temperature
profiles for thermally/hydrodynamically developing flow, with
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Fig. 7. Thermally/hydrodynamically developing flow: (a) u(x, y) and v(x, y), (b) TH2(x, y), (c) TT (x, y).
constant wall temperature boundary conditions, β = 1.667,
Pe = 0.5, βν1Kn = 0.00 and 0.04, and BrT = ±0.20 are illus-
trated in Fig. 7(c). Negative BrT indicates heating, positive BrT

denotes cooling, and BrT = 0 signifies no viscous dissipation
effect. For the flows examined in Fig. 6, NuT entrance lengths
are between approximately 0.5 PeDh and 4 PeDh, where the
entrance length increases for BrT �= 0 (most significantly for
positive BrT ), higher values of Pe, lower values of βν1Kn, lower
values of β , and thermally/hydrodynamically developing flow.
The data in Fig. 6(a) demonstrate the effect of Pe and BrT

on thermally developing NuT , for continuum flow, βν1Kn = 0.
For cases when viscous dissipation is negligible, BrT = 0, the
developing mean fluid temperature approaches the wall temper-
ature, for either heating or cooling, and fully developed NuT is a
function of Pe. When viscous dissipation and flow work effects
are considered (BrT �= 0), the developing mean fluid tempera-
ture, for either heating or cooling, approaches a constant that is
less than the wall temperature by an amount dependent on the
magnitude of BrT . The resulting fully developed NuT , as pre-
dicted by Eq. (12), and discussed previously, is not a function
of the magnitude of BrT or Pe. These developing NuT results
are most comprehendible when viewed in conjunction with the
temperature profiles illustrated in Fig. 7(c) for βν1Kn = 0 (al-
though, these are for hydrodynamically developing flow). De-
veloping NuT are larger at the channel entrance, due to the large
temperature gradients at the wall. As the temperature profile de-
velops, NuT initially decreases for both heating and cooling.
NuT for cooling however, reaches a minimum at the axial loca-
tion were the heat conduction from the wall reaches the center
of the flow [12]. As the mean fluid temperature of the cooling
flow continues to decrease, due to the effect of flow work, NuT

exhibits a singularity point where Tm = Tw , and is negative just
after this when Tm < Tw (qw is still negative). For continuum
non-slip flow, qw for both heating and cooling, approaches zero,
resulting in a fully developed NuT value of zero. For slip flow,
the fully developed qw is positive, not zero, due to the effect
of shear work at the wall. This results in a positive, nonzero
fully developed NuT , which for a given value of βν1Kn and β ,
is the same for either heating or cooling, and does not depend
on the magnitude of BrT , as has been discussed previously with
the fully developed NuT results presented in Fig. 4. Many of the
effects of hydrodynamically developing flow on NuT , displayed
in Figs. 6(a) and 6(b), are similar to those discussed previously
for hydrodynamically developing NuH2. For BrT = 0, hydro-
dynamically developing flow initially increases NuT , compared
to thermally developing NuT . For BrT �= 0 and βν1Kn = 0, NuT

initially increases, followed by an accelerated thermal develop-
ment for heating, and for cooling NuT initially decreases fol-
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lowed by a slowed thermal development (this effect however, is
much less significant for NuT , than for NuH2, and consequently
is not displayed in Fig. 6). For BrT �= 0 and βν1Kn �= 0, hydro-
dynamically developing slip flow results in flow work adjacent
to the wall that initially increases NuT for heating and decreases
NuT for cooling, compared to thermally developing NuT .

5. Summary and conclusions

The effect of viscous dissipation and rarefaction on rect-
angular microchannel convective heat transfer is numerically
evaluated subject to constant wall heat flux (H2) and constant
wall temperature (T ) thermal boundary conditions in the slip
flow regime. NuH2 and NuT are presented in terms of the de-
gree of rarefaction (βν1Kn); the gas–wall interaction parame-
ter (β); viscous dissipation (BrH2 or BrT ); and axial conduction
(Pe). These results are valid for nearly incompressible, steady
state flows. Numerical results are obtained using a continuum
based, three-dimensional, compressible, unsteady CFD algo-
rithm, modified with slip velocity and temperature jump bound-
ary conditions. To verify the numerical results, analytic solution
for thermally and hydrodynamically fully develop NuH2 and
NuT are derived for the limiting case of parallel plate channels.

Both analytical and numerical data indicate that effects of
viscous dissipation, flow work, and axial conduction are all
significant within the slip flow regime for thermally/hydro-
dynamically developing and locally fully developed Nusselt
numbers. The significance of each of these terms depends on the
degree of rarefaction, the gas–wall interactions, and the heating
configuration. Viscous dissipation effects may either increase
or decrease Nu depending on the heating configuration, and
are reduced with increasing rarefaction. Viscous dissipation in-
creases NuH2 for cooling, and decreases NuH2 for heating as
a function of BrH2, βν1Kn, β , and AR. The combined effects
of viscous dissipation, flow work, and shear work within the
slip flow regime cause NuT to increase, from zero for con-
tinuum flow, with increasing βν1Kn by an amount dependent
on AR and β but not on the magnitude of BrT or Pe. Based
on the results presented for rarified, constant wall temperature
flows, the effects of flow work and shear work may not be as-
sumed to be negligible when viscous dissipation is a significant
parameter.
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